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COS NO VIA CHEBYSHEV

POLYNOMIALS
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Applied mathematics uses polynomial and trigonometric functions, topics
which are familiar to college freshmen . The importance of learning trigono-
metric identities can be reinforced by introducing the notion of Chebyshev
polynomials . Also, an interesting relationship between the disciplines of alge-
bra and trigonometry is revealed .
The first five Chebyshev polynomials are :

(1) Co (x) = 1, C, (x) = x,

	

C2 (x) = 2x2 - 1,
C3 (x) = 4x3 - 3x

	

and

	

C4 (x) = 8x4 - 8x2 + 1 .
The pattern for finding higher degree Chebyshev polynomials involves recur-
sion where each successive polynomial is a combination of two previous ones .
Start with Co (x) = 1 and C, (x) = x and use the recursive relation' :
(2) Ck (x) = 2XCk_, (x) - Ck_2 (x)

	

for

	

k = 2,3,4 . . . .
For example, we obtain C4 (x) from C3 (x) and C2 (x) as follows

Applications involving Chebyshev polynomials usually restrict the domain
to be the interval [-1,1 ], where the following well known property of
Chebyshev polynomials is valid :
(3) Ck (x) = cos (k arccos(x))

	

when

	

IxI <_ 1, for all k .
Using the polynomials in (1) and formula (3) and the substitution x = cos 9

gives the well known trigonometric identities :
(4) cos 29 = 2 cos2 9 - 1,

cos 36 = 4 cos39 - 3 cos 9,
cos 49 = 8 COS49 - 8 cos29 + 1 .
A general formula for cos k9 is obtained when we substitute x = cos 9 into

(2) and (3) and get a two term recurrence relation :

C4 (x) = 2XC3 (x) - C2 (x) = 2x(4x3 - 3x) - (2x2 - 1)
= 8x4 - 8x2 + 1 .

(5) cos k9 = 2 cos 8 cos (k - 1)9 -cos (k - 2)9
for k = 2, 3, 4 . . . . .

Example. Find the formula for cos 59 by using the relation (5) and the identi-
ties for cos 39 and cos 48 given in (4) .
Solution . cos 59 = 2 cos 9 cos 48 - cos 39

= 2 cos 9[8 COS49 - 8 cos29 + 1 ]
- 4 cos3 9 + 3 cos 0



= 16 cos50 - 20 cos 30 + 5 cos 0 .
The reader may be curious how (5) can be established directly . This can be

done by starting with :
(6) cos k6 = cos 20 cos (k - 2)0 - sin 20 sin (k - 2)0 .
The substitutions cos 20 = 2 COS2 0 - 1 and sin 20 = 2 sin 0 cos 0 are used in
(6) and then the terms are rearranged to yield :

(7) cos k9 = 2 cos 0[cos 0 cos (k - 2)0 - sin 0 sin (k - 2)0]
- cos (k - 2)0 .

An observation that the term in brackets in formula (7) is cos (k - 1)0 will
complete the proof .
Remark . The functions 1, cos 0, COS2 0 and cos 20 are linearly dependent,
hence a formula for cos 20 involving a linear combination of 1, cos 0 and COS20
exists . However, the functions 1, sin 0, sin 20 and sin20 are linearly indepen-
dent . This is proven by observing that their Wronskian is not identically zero2 ,
that is W(0;l,sin 0,sin 20,sin20) = 12 cos 0 * 0 . Hence, there is no analog to
formula (5) involving the set of functions {sin kx} .
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