12.4 THE FOURIER TRANSFORM

If we let U (t) be a real-valued function with period 27, which is piecewise con-
tinuous such that U’ (¢) also exists and is piecewise continuous, then U (¢) has
the complex Fourier series representation

U(t)= i cne'™,

where
_1 [ U(t)e ™tat for all
Cp = o | e s or all n.

The coefficients {c¢,} are complex numbers. Previously, we expressed U (t) as
the real trigonometric series

(o)
Ul(t) = % + Z (an cosnt + by, sinnt) . (12-19)

n=1
Hence a relationship between the coefficients is

Ap = Cp + C_p, forn=20,1,..., and
b =i(cn —c—p), forn=1,2, ..

We can easily establish these relations. We start by writing

oo oo
U(t) =co+ Z Cne™ 4 Z c_pe (12-20)
n=1 n=1

NE

oo
=co+ ch (cosnt + isinnt) +

n=1 n

¢_n (cosnt — isinnt)

1
oo

= ¢o+ Z [(en 4+ c—pn)cosnt +i (¢, — c—p)sinnt].
n=1

Comparing Equations (12-20) and (12-19), we see that ag = 2¢g, a, = ¢, + c—p,
and b, =i (¢, — c_p).

If U (t) and U’ (t) are piecewise continuous and have period 2L, then U (¢)
has the complex Fourier series representation

o0
Uty= > cae™/", (12-21)

n—=—oo
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where

1 L

=— [ U®@e™YEdt,  for all n. (12-22)
oL |,

CTL

We’ve shown how periodic functions are represented by trigonometric series,
but many practical problems involve nonperiodic functions. A representation
analogous to a Fourier series for a nonperiodic function U (t) is obtained by
considering the Fourier series of U (t) for —L < t < L and then taking the limit
as L — oo. The result is known as the Fourier transform of U (t).

We start with the nonperiodic function U (¢) and consider the periodic func-
tion Ug, (t) with period 2L, where

Uy (t)=U(t), for —L<t<L, and
Up(t)=Up(t+2L), forallt.

Then Uy, (t) has the complex Fourier series representation

Up(t)= Y ecpe™", (12-23)

n=—oo

We need to introduce some terminology in order to discuss the terms in
Equation (12-23). First

™
n= 7 12-24
Wn = (12-24)

is called the frequency. If t denotes time, then the units for w,, are radians per
unit time. The set of all possible frequencies is called the frequency spectrum,
that is,

—3r 27 —mw 7w 27w 37
A L b L ) L 7L7 L7 L 9 e .

Note that, as L increases, the spectrum becomes finer and approaches a contin-
uous spectrum of frequencies. It is reasonable to expect that the summation in
the Fourier series for Uy, () will give rise to an integral over [—co,00]. This result
is stated in Theorem 12.9.
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D Theorem 12.9 (Fourier transform) Let U (t) and U’ (t) be piecewise con-
tinuous and

/oo U (8)]dt < M

—00

for some positive constant M. The Fourier transform F (w) of U (t) is defined
as

F (w) 1/°°U(t)e‘“”tdt. (12-25)

T o

— 00

At points of continuity, U (t) has the integral representation

U(t) = /Oo F (w) et duw,

—0oQ

and at a point t = a of discontinuity of U, the integral converges to
U(a™)+U(at)

2
The fact that U is transformed into F' is commonly expressed by the op-
erator notation

(U () = F (w).

1 1
Proof Set Aw, = wp41 — Wy, = % and oL = 2—Awn. These quantities

by
are used in conjunction with Equations (12-21), (12-22), and (12-23) and the
frequency in Equation (12-24) to obtain

UL(t) = i

0 1 L _— _—
:n;w %/_LU(t)e ntdt| e"nt Aw,,.

1orr i t jwt
. —1Wn TWn 12_2,‘
2L/_LU(t)e dt]e (12-26)

If we define Fy, (w) by

L
Fr( ):i U (t)e ™tadt
L \w o L € )

then we can write Equation (12-26) as

Up(t)= Y Fr(wy)e™ Aw,. (12-27)

n=—oo
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As L gets large, FI, (w,) approaches F (w,) and Aw, tends to zero. Thus
the limit on the right side of Equation (12-27) can be viewed as an integral,
which substantiates the Fourier integral representation

U () = /_O;F(w)eiwtdw.

A more rigorous proof of this fact is presented in various advanced texts.

Table 12.1 gives some important properties of the Fourier transform.

Linearity § (aUy (1) +bUz (1)) = a§ (U (1)) + bS(Uz( )
Symmetry I3 U (1) = F (w), t en § (F (1) = 5:U (—w).
Time scaling § (U (at)) = ﬁF (ﬂ)

Time shifting SWU(t—ty)) =e 0“’F (w)

Frequency shifting F (e"™'U (t) = wo)

Time differentiation U () =iw (w)

Frequency differentiation dndT S((—it)" U (t))

Moment theorem If M,, = [ _t"U (t)dt, then (—i)" M, = 2xF™ (0).

Table 12.1  Properties of the Fourier Transform



