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D Theorem 12.24 (Convolution theorem) Let F (s) and G(s) denote the
Laplace transforms of f(t) and g (t), respectively. Then the product given
by H (s) = F (s) G (s) is the Laplace transform of the convolution of f and g,
is denoted h (t) = (f * g) (t), and has the integral representation

h) =) ® = [ 1@glt=rdr or (12.45)

t

h) =g+ )= [ g(r)f(e-r)ar. (12-46)
0

Proof The following proof is given for the special case when s is a real

number. The general case is covered in advanced texts. Using the dummy

variables o and 7 and the integrals defining the transforms, we can express
their product as

F(s)G(s) = { /0 T o) e_s”da] [ /O oog(T)e_STdT} .

The product of integrals in this equation can be written as an iterated integral:

F(s)G(s) = /0 h [ /0 ~ f o) e_s(‘”'T)da} q(r)dr.

We hold 7 fixed, use the change of variables t = o + 7 and dt = do, and
rewrite the inner integral in the equation to obtain

F(S)G(s):/ooo [/Toof(t—T)e_Stdt]g(T)dT

/Ooo [/Toof(tT)g(T)eStdt} dr.

The region of integration for this last iterated integral is the wedge-shaped
region in the (¢,7) plane shown in Figure 12.28. We reverse the order of
integration in the integral to get

F(s)G(s):/OOO [/Otf(t—r)g(T)e_Sth} dt.

We rewrite this equation as

F(s)G(s) = /OOO [/Otf(t—T)g(T)dT] e stdt

= ([ 1e-nomar).

which establishes Equation (12-46). We can interchange the role of the func-
tions f (¢) and g (¢), so Equation (12-45) follows immediately.



12.10 m CONVOLUTION

Figure 12.28  The region of integration in the convolution theorem.
Table 12.4 lists the properties of convolution.

Commutative fsxg=g=x*f

Distributive frx(g+h)=f*xg+f=h
Associative (f*xg)xh=fx(g*h)
Zero f+*0=0

Table 12.4  Properties of Convolution
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