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Definition 12.3: Unit step function
Let a > 0. Then, the unit step function U, (t) is

0, fort<a;
1, fort>a.
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The graph of U, (t) is shown in Figure 12.22.
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Figure 12.22  The graph of the unit step function y = U, (1).

D Theorem 12.16 (Shifting the variable t) If F (s) is the Laplace transform
of f(t) and a > 0, then

L(Ua(t) f(t—a)) =e *F(s),

where f(t) and U, (t) (t — a) are illustrated in Figure 12.23.
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Figure 12.23  Comparison of the functions f (¢) and U, (t) f (t — a).

Proof Using the definition of the Laplace transform, we write
e ¥F (s) = e““/ f(r)e*Tdr = / f(r) et dr.

0 0
Using the change of variable ¢t = a + 7 and dt = dr, we obtain

e “F (s) = /00 f(t—a)e ®dt.

Because U, (t) f(t—a) = 0, for t < a, and U, (t) f(t —a) = f(t —a), for
t > a, we rewrite the preceding equation as

e ¥F (s) = /000 Us (t) f(t—a)e *tdt = L (U, (t) f(t —a)),

and the proof is complete.



