
1

On the effects of signal acuity in a
multi-alternative model of decision making

Tyler McMillen 1 and Sam Behseta1

1Department of Mathematics, California State University atFullerton, Fullerton, CA 92834

2Your second affiliation.

Keywords: Leaky accumulator, drift-diffusion model, neural network, signal acu-

ity, multi-hypothesis sequential test, sequential ratio test.

Abstract

We consider the effects of signal ‘sharpness’ or acuity on the performance of

neural models of decision making. In these models, a vector of signals is presented

and the subject must decide which of the elements of the vector is the largest.

McMillen and Holmes (2006) derived asymptotically optimaltests under the as-

sumption that the elements of the signal vector were all equal except one. In this

paper we consider the case of signals spread around a peak. The acuity is a mea-

sure of how strongly peaked the signal is. We find that the optimal test is one in

which the detectors are passed through an output layer that encodes knowledge of

the possible shapes of the incoming signals. The incorporation of such an output

layer can lead to significant improvements in decision making tasks.



1 Introduction

Time-controlled decision processes often involve a trade-off between speed and accu-

racy. Generally, accuracy improves as more time is allottedto the decision, but fewer

decisions can be made in a fixed duration block of trials. In a setting of successive trials

in which a reward is given for each correct decision, the goalis generally to make the

most correct decisions possible. For this reason we consider the optimal test to be the

one that maximizes thereward rate (RR), the number of rewards per unit time. If the

subject is free to make a decision at any time, the optimal test is the one that minimizes

the mean reaction time (MRT)1 as a function of theerror rate (ER). If the subject is

constrained to make a decision at a given time then the optimal test is the one that min-

imizes the ER. However, other considerations such as energycosts associated with the

decision process may make a sub-optimal test preferrable.

In this paper we consider tasks in which an observer must identify 1 out of N possi-

ble stimuli with an appropriate response. We consider thesein the context of theleaky

competing accumulator model (LCAM) of Usher and McClelland (2001) in whichN

accumulators accumulate evidence and inhibit the rest in proportion to their values.

Most studies of multiple choice tasks consider the alternatives as equivalent and

equi-distant from each other. This approach goes back to Hick (1952), and is implicitly

assumed in models such as those considered by Usher and McClelland (2001). How-

ever, this is contrary to experience in which many choices involve alternatives that are

not all equi-distant from each other. In this paper we consider a notion of ‘distance’

between alternatives as it relates to the LCAM. This is a steptoward understanding

phenomena such as Hick’s Law (Hick, 1952; Teichner and Krebs, 1974; Usher et al.,

2002; McMillen and Holmes, 2006) and the fall of in performance when the number of

alternatives is increased past seven (Miller, 1956).

Our main result is that performance in choice tasks can be improved if the knowl-

edge of the shape of the possible incoming signals is encoded. We take as our canonical

example the angle discrimination task. Untrained monkeys and humans can discern be-

tween angles 15-20 degrees apart; monkeys can be trained to improve their discernment

1In this paper we use RT to denote the time taken by a computational process or dynamical model to

render a decision. This is more commonly calleddecision time (DT) in the psychological literature.
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to 4-5 degrees (Ghose et al., 2002). Improvement is orientation specific: when mon-

keys learn to discern angles within 5 degrees of a 45 degree angle, they are not able to

achieve this level of accuracy for angles around 20 degrees.We will see that there are

different ways in which accuracy can be improved. Adjustingthe tuning curves in the

neurons sensitive to angles is one way to alter the acuity in the signal related to deci-

sion making centers in the brain. However, Ghose et al. (2002) note that changes in the

tuning curves are not sufficient to explain the improvementsin performance observed

in monkeys in the angle discrimination task. Indeed, the modification of the tuning

curves over time in response to training is much less than onemight expect, based on

the improved performance of the subjects.

We will show how improvement can be achieved by encoding the shape of the pos-

sible incoming signals. Moreover, we will also show that increasing the acuity of the

signal curve can actually have an adverse effect on performance. This could go some

way to explaining why tuning curves have the shapes they do (why they are not, for

example, more sharply peaked). Finally, we show how such knowledge can be encoded

in a simple neural network.

This paper is organized as follows. In the next subsections we give a definition of

acuity and present a notion of distance between alternativehypotheses, which depends

on the spread and overlaps of the various signals. In section2 we describe the LCAM,

which is a neural network model for testing betweenn alternatives. In the two sections

that follow this we examine how various possible tests perform in simulations. In sec-

tion 3 we examine such tests in the free response protocol. Inthis type of experiment

the subject is free to respond at any time, and the goal is to make as many correct re-

sponses as possible in a sequence of trials. We describe the (asymptotically) optimal

tests for multiple alternative testing, and how it is applied in the LCAM. It is here where

we show how the possible shapes of the incoming signals can beencoded in a matrix

defined in equation (11). A different task protocol, the interrogation protocol, in which

the subject must respond immediately after the onset of stimulus with fixed duration, is

described in section 4. Following the description of the results in these two protocols,

we explain in section 5 how the tests we have described can be implemented in a simple

neural network. We conclude with comments and suggestions for further research in

section 6. The bulk of the mathematical details are providedin appendices.
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1.1 Acuity as a measure of signal sharpness

The ultimate goal of statistical testing of any multi-alternative decision making process

is to determine, on the basis of information present in the detectors, which of the signals

is the largest. Suppose thatn signalsS1, . . . , Sn are presented to a subject. The problem

is then to determine which of these is the largest. McMillen and Holmes (2006) have

explored the case in which all signals are equal save one, which is a quantitya greater

than the rest, i.e. for somej (the ‘correct’ signal),Sj = S0 + a, andSi = S0 for i 6= j.

Then the problem is to determine which of the signalsSi is Si = Sj from the data

present in the detectors. Here we consider the more general case in which the signals

take on the values of a function evaluated at certain points.During a trial a vector

of signalsS = (S1, S2, . . . , Sn) is presented, and the goal, as before, is to determine

which element ofS is the largest. Generally there will be one of theSi’s, saySj that is

greater than the rest. But the signals might have different values apart from justSj. For

example, those signals close toj might be larger than those farther away. Suppose, for

example, that the signals are discrete points of a Gaussian shape as in Fig. 1:

Si = S
(j)
i = S0 + a exp

[

−(i − j)2

2φ2

]

, i = 1, . . . , n . (1)

Then the largest signal isSj . We callφ−1 theacuity2 in the signal. This gives a precise

meaning to the notion that signals with a larger acuity are more strongly peaked. In the

limit as the acuity approaches infinity, this reduces to the previous case,Si = S0 + a δij

(Kronecker delta), but whenφ−1 < ∞, the signals are “spread” around the maximum.

Let

S(j) =
(

S
(j)
1 , S

(j)
2 , . . . , S(j)

n

)

be the vector of signals as defined above, so thatS(j) is the vector of signals with max-

imum in thejth signal. Throughout we will use superscripts for vectors and subscripts

for components of vectors. For example, in Fig. 1 the dots arethe signalsS(8)
j . If all

possible signals have this form, then the task is to determine which of theS(j)s is equal

to S. If it is assumeda priori that the signals have the shape given above then this

knowledge can be used in the decision process. That is, if we can reduce the space of

signals to a subset of all possible signals, this knowledge can be employed in some of

the tests we will consider below.
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Figure 1: Signals with a Gaussian form. The acuity isφ−1 = 1

The above type of signal might represent the signals processed by the brain upon

viewing a bar on a screen. It is known that, for example in catsand monkeys, the firing

rates of certain pools of neurons are affected by the angle ofa bar on a screen (Henry

et al., 1974; Hubel and Wiesel, 1968). The tuning curve, which traces the firing rate as

a function of the angle, has a Gaussian shape centered at a given angle. In the angle

discrimination task the subject is asked to determine the angle the bar makes relative to

a certain axis. In the simplest task, the subject must determine if the bar is horizontal

or vertical. The problem is made more difficult by increasingthe number of possible

angles, or by decreasing the angle between possible bars. Itwould be much easier to

discern if a bar is horizontal or vertical bar than discerning between bars that might

lie at angles75 or 90 degrees. The task is made more difficult still if the possible

angles are0, π/8, π/4, . . . , π. Then the excitation of centers registering an angle ofπ/8

will also excite those corresponding to 0 andπ/4, but very little excitation will occur

in those registeringπ/2. Clearly, ’spillover’ of excitation into neighboring angles is

directly related to the acuity. Fig. 2 shows the angles for bars in increments ofπ/8, and

the respective signalsS corresponding to these with a finite acuity, assuming that the

signals have a Gaussian shape.

The difficulty of the task thus depends on the number of possible alternatives, and

the ‘distance’ between the alternatives, a function of signal acuity.

We will use the angle discrimination task as our canonical example. However, the

results are more general, and can be applied to many different decision making experi-

mental tasks. Indeed, tuning curves have been used as a first order description for virtu-

2Also known asprecision in statistical literature.
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Figure 2: Bar angles (left panels) and corresponding signals (right panels) with acuity

φ−1 = 1.

ally all sensory systems. For example, tuning curves are used to determine the direction

of wind in the cricket cercal system (Dayan and Abbott, 2001), as well as population-

level analysis of movement direction in monkeys (Behseta etal., 2007; Georgopolous

et al., 1986). As we will argue in section 6, the results we provide in this paper will

extend beyond Gaussian functions for signals. One may recast the problem by allowing

the signal peaks to be random variables, hence allowing for updating acuity through its

posterior distribution.

1.2 Defining a notion of distance between alternatives

When presented with a single bar, it is more difficult to discern between the two bars

in the middle panel of Fig. 2 than between those in the upper panel. The two in the

middle panel differ by onlyπ/8, whereas those in the upper panel differ byπ/2. If the

signal when presented is strongly peaked, i.e. has very large acuity, then the difficulty

in discerning between the angles in the middle panel would beonly slightly greater
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Figure 3: Left panel: KL-divergence between hypothesisH1 andHj for inverse acuity

φ = 0, 0.5, 1, 2. The signals are as in eqn (4). Right panel: KL-divergence between

hypothesesH1 andH5 as a function of the inverse acuityφ.

than discerning between those in the upper panel of Fig 2. In the limit of perfect acuity,

i.e. whenS
(i)
m = S0 + a δmi, there is no difference between the two cases–the distance

between all alternatives is the same. The ‘distance’ between alternatives is therefore

dependent not only on the distance between the means, but also on the spread of the

densities and their overlaps. Furthermore, the distance between non-overlapping densi-

ties should not merely depend on their means.

A pseudo-metric reflecting this intuition is the Kullback-Leibler divergence (Kull-

back and Leibler, 1951; Kullback, 1987), defined for probability measuresPi as fol-

lows:

d(Pi, Pj) = Ei

[

log

(
dPi

dPj

)]

, (2)

whereEi[·] is the expectation under the measurePi. If we consider the signals in noise,

si = Si + c ηi, whereηi is a standard normal random variable, and letHi be the hypoth-

esis that the signal isS(i), then

dPi(s) =

n∏

m=1

1√
2πc2

exp
[
−(sm − S(i)

m )2/2c2
]

.

Therefore, d(Hi, Hj) =
1

2c2

∣
∣S(i) − S(j)

∣
∣
2

. (3)

In the case of perfect acuityS(i)
m = S0 + a δmi , d(Hi, Hj) = (a/c)2 for all i 6= j: all

alternatives are the same ‘distance’ apart.

In the angle discrimination task angleπ is the same as angle0, angleπ/8 is the same

as angle9π/8, etc. Thus the angles can be represented on a circle. In this case, when

representing the signals, we must account for the ‘wrap around.’ Consider the case of a
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given signal shape, and the task is to determine where the peak of the signal is. If the

signal is on a circle, and has a Gaussian shape, then the signals take the following form:

Ŝi = S0 + a exp
[
−(i − n̂)2/2φ2

]
,

S
(j)
i = Ŝ{i−j} , (4)

wheren̂ is the smallest integer larger thann/2 and{i − j} = (i − j + n̂) mod n. In

other words,̂S is the signal with its peak in the middle and theS(j)’s are circular shifts

of Ŝ. These are the signals in the right panels of Fig. 2, for instance. In this paper we

consider only signals of this type. We do not consider, therefore, important effects such

as edge effects that can arise when the signals are confined toan interval (see Lacouture

and Marley, 1995, 2004), but leave this for future research.

Figure 3 shows the distance betweenH1 and other hypotheses using the signals

in (4). As expected, the distance between a hypothesis and its next nearest neighbor

decreases with the acuity. However, the distance between hypotheses that are separated

by other hypotheses canincrease as the acuity decreases. In the right panel of Fig. 3

we plot the distance between hypothesesH1 andH5 as a function of the inverse acuity

φ. Since there are hypotheses between these two, the distancebetweenH1 andH5

increases as the spread of the signals increases, up to a certain point, and then starts to

decrease. There is a critical value ofφ at which the KL-divergence is maximal. This

critical value is important because it allows for the calibration of acuity for hypothesis

discrimination. If the two signals are sufficiently separated, an increase in the spread of

each signal contributes more information with which to basea decision on. Consider

the top panels of Fig. 2. We see that when deciding if the bar isvertical or horizontal,

we can use the fact that if the bar is horizontal the signal peak will be at angle 0, and

also the fact that the angles7π/8 andπ/8 will have a slightly smaller excitation. Thus

the spread in the signal contributes to the decision and makes it easier, so long as the

signals do not overlap too much. The task of deciding betweenanglesπ/8 andπ/4, in

the middle panels of Fig. 2, is more difficult because the signals corresponding to these

two angles have a significant overlap.

It should be easier to discern between alternatives that arefarther apart than those

that are closer together. Thus, we expect that the spread of the signals can be an aid

to decision making, but only if one can use the knowledge of the shape of the signals.
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Notice that as the acuity decreases, the distance of all the alternatives eventually de-

creases. Depending on the task and the decision algorithm employed, there may be a

finite optimal acuity value. In what follows we will see that performance in specific

decision tasks is optimized at a positive value of the inverse acuityφ, if the knowledge

of the spread of the signal can be utilized in rendering a decision. (See Figures 7 and

9.)

In this paper we are primarily interested in the behavior of decision processes as the

number of alternatives varies. In particular we will be interested to see in what cases

we can recover the classical Hick’s Law (Hick, 1952), which says that if the accuracy is

held at a high level, the MRT increases logarithmically withthe number of alternatives

N :

MRT = A + B log N . (5)

Teichner and Krebs (1974) is a review of the literature up until that time on decision

processes in multi-alternative choice tasks. The authors compile data on thousands of

experiments. They show that Hick’s Law does indeed hold, to afirst approximation, for

a wide variety of tasks. However, it is not universal. In someexperiments the MRT is,

rather, fairly constant as the number of alternatives increases. Part of the explanation

for the inapplicability of Hick’s Law in all cases could be that it does not hold in general

when the acuity of the signals for the various alternatives is too small. In those models

where the acuity is assumed to be infinite, Hick’s Law followsnaturally (see Usher

et al., 2002; McMillen and Holmes, 2006). But there is no reason to expecta priori

that it will hold in cases, like those considered in the present paper, where the acuity is

small.

One problem in testing decision processes as the number of alternatives varies is

that there are several ways to order the alternatives. Clearly the manner in which the

number of alternatives is increased will affect the outcome. Yet, this issue has received

scant attention in the literature. Rather, the implicit assumption has usually been that

all alternatives are an equal distance apart. Here we describe two possible orderings,

which we call theinside-out and theoutside-in orderings. If one performs an exper-

iment with 2 alternatives, and increase the number to3, how shall one do this? The

top and middle panels of Fig. 2 show two cases. In the top panelthe alternatives are

a maximal distance apart. The two alternatives in the middlepanel are much closer.
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Starting with the alternatives in the top panel and then adding an alternative between

them would correspond to the outside-in ordering; startingwith anglesπ/8 andπ/4,

as in the middle panel, and then adding angle3π/8 as an alternative corresponds to the

inside-out ordering. In the outside-in ordering, we start with the alternatives a maximal

distance apart, and then add alternatives so that the distance between the new alterna-

tive and the existing alternatives is maximized. In the inside-out ordering, we start with

the alternatives a minimal distance apart, and then add alternatives so that the distance

between the new alternative and the existing alternatives is minimized. These two or-

derings are illustrated in Fig. 4. Here the maximal number ofalternatives is 8. As we

proceed fromN = 2 to N = 8 alternatives we add alternatives that maximize (outside-

in) or minimize (inside-out) the distance between the existing and new alternatives. In

Fig. 4 onlyN = 2, 3, 4 are shown–the pattern continues untilN = 8.

 N=2                 N=3                         N=4 

inside
-out

outside
-in

Figure 4: Two orderings of alternatives.

2 The leaky competing accumulator model

We consider a model ofn leaky, competing units, each of which integrates an incoming

signalSi or stimulus with additive noise, decays at ratek, and is inhibited by all others

(Hopfield, 1984; Grossberg, 1988; Usher and McClelland, 2001). The state variablexi

represents the ‘activations’ (e.g. mean soma potential) ofthei-th group of neurons and

f(xj) the firing rate of thej-th group of neurons. The number of accumulatorsn can

be larger than the number of alternativesN . The functionf is typically taken to be

sigmoidal, often using the logistic form:

f(x) =
1

1 + exp (−4g (x − b))
=

1

2
[1 + tanh (2g(x− b))] , (6)

whereg denotes the maximum slope off , which occurs atx = b, although sometimes

piecewise linear functions are used (Usher and McClelland,2001). The lower and upper
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limits (0 and 1 for (6)) obtained for small and large input levels model the fact that neural

activities in general, and firing rates in particular, are bounded above and below. For a

single layer of competing units, the resulting nonlinear stochastic differential equations

(SDEs) take the form:

dxi =

(

−kxi − w
∑

j 6=i

f(xj) + Si

)

dt + c dWi , i = 1, · · · , n . (7)

Here theWi’s are independent, identically distributed Wiener processes, with unit vari-

ance, representing random fluctuations in the signal, intrinsic accumulator noise and

unmodeled inputs, and we assume that theSi’s are deterministic and constant during

each trial. Also,k is the rate of decay,w is the weight of inhibition between the ac-

cumulators andc is the variance of the noise. The above is referred to as theleaky

competing accumulator model (LCAM). Note that in the absence of decay and inhi-

bition (k = w = 0), eqn (7) is simply a drift-diffusion equation whereSi is the drift

andc dWi is the diffusion term. Such drift-diffusion models withk = w = 0 are of-

ten referred to asrace models; they represent the simplest SDE models for decision

processes.

Substantial support for models of this type, and the SDEs that emerge from them,

come both from fits of human behavioral data (e.g. Ratcliff (1978); Ratcliff et al. (1999))

and direct neural recordings in behaving monkeys (Roitman and Shadlen, 2002; Rat-

cliff et al., 2003; Mazurek et al., 2003). For instance, in monkeys the firing rates of

neurons in the lateral intraparietal sulcus (area LIP) havebeen related to competing ac-

cumulators that approximate the drift-diffusion process in oculomotor tasks (Gold and

Shadlen, 2000, 2001; Shadlen and Newsome, 2001; Roitman andShadlen, 2002). Sim-

ilar findings have been reported for frontal structures responsible for controlling eye

movements (Hanes and Schall, 1996). For a recent review of theoretical work on such

SDEs, see Smith (2000). In the case of two alternatives the theory, at least for the lin-

earized model, is fairly complete. See Bogacz et al. (2006) for a complete description; a

brief summary of results is presented in the appendix of McMillen and Holmes (2006).

Here we will deal with an arbitrary numberN of alternatives.

Linearization off yields the following form, with various interpretations ofthe

parameters (see Brown et al., 2005). Noting that−kwi − w
∑

j 6=i xj = (w − k)xi −
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w
∑n

j=1 xj , we have

dxi =

(

λxi − w
n∑

j=1

xj + Si

)

dt + c dWi , i = 1, · · · , n , (8)

whereλ = w − k is the difference between inhibition and decay. Throughoutthe

remainder of this paper we will deal with (8), where we have linearized the input or ac-

tivation function (see Usher and McClelland, 2001). This linearized model is attractive

for its mathematical tractability. Indeed, those results that can be obtained rigorously

are mostly limited to the linearized model. The linearization is often justified by noting

that the functionf in (6) is nearly linear in the region nearx = b, and thatf can be ap-

proximated very closely by a piecewise linear function. Themain qualitative difference

between (7) and the linearized model (8) is the absence in (8)of upper and lower bounds

on the inhibition term. Using a sigmoidalf as in (6) means that thef(xj) terms in (7)

saturate atf(xj) = 1 whenxj is large and are bounded below byf(xj) = 0. This has

the effect of attenuating the effects of inhibition on the accumulators. In the linearized

model (8) the inhibition of the other accumulators onxj is simply a linear function of

the values of these other accumulators, and hence is unbounded. This provides us with

a model that is a good approximation for those cases in which the accumulators remain

in the linear range nearx = b. It allows us to derive the results in the remainder of

this paper. One line of future research is to analyze those situations in which results

for the linear and nonlinear models diverge. This has been done to some extent in the

case where the signals are assumed to have infinite acuity. For example see Usher and

McClelland (2001); Brown et al. (2005); McMillen and Holmes(2006) for comments

on the nonlinear system in which inhibitory inputs and stimuli are passed through a

rate-limiting functionf . We note that in most cases the linear and nonlinear models

agree qualitatively in the ‘moderate’ ranges, i.e. where the number of alternatives is not

too large and where the error rate is not too small. The linearized model (8) that we

deal with in the remainder of this paper gives us a starting point from which we may

derive rigorous conclusions that will hold, at least qualitatively and in most cases, in the

nonlinear model.

The subject’s task is to determine which of the signalsSi is the largest. Depending

on our knowledge of the possible ‘shapes’ of the incoming vector of signals, we can

improve on performance over simply choosing the option corresponding to the largest
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signal. Conventionally, each trial starts with initial data xi(0) = xi0 and ends either

when the first accumulator passes its preset thresholdbi (for an absolute test under the

free response protocol), or at a fixed timet = T (in the interrogation protocol), in

which case the accumulator with largestxi(T ) wins. For unbiased trials with equal

prior probabilities ofHi, πi = 1/n, we conventionally takexi(0) = 0 and setbi = θ,

∀ i.

3 The free response protocol

Under the free response protocol, subjects may choose at anytime after stimulus pre-

sentation and must therefore determine when sufficient knowledge has been gathered to

make a decision. In the context of the LCAM (8) there are several different types of re-

sponse criteria. The simplest is to set a thresholdθ, and choosei if the ith accumulator

crossesθ before any of the others. We refer to this as anabsolute test, since it does not

account for the magnitudes of other accumulator states. Tests which account for differ-

ences between states are referred to asrelative tests. One such test is themax-vs-next

test, which choosesi when the difference betweenxi and the next greatestxj reaches

threshold. We will also see that the implementation of the asymptotically optimal test

in the LCAM requires that we multiply the vector of accumulators by the matrix of

possible signal vectors before comparing them.

There are advantages and drawbacks to the different types oftests. Generally, rel-

ative tests perform better in that they deliver lower MRTs for a given ER, but they are

more complex to implement. The (asymptotically) optimal tests also require a matrix

multiplication, as well as the computation of the matrix itself. In some situations en-

ergy costs or other considerations might dictate a sub-optimal test. In the following

sections we examine the asymptotically optimal tests and compare these with absolute

and relative tests.

3.1 Asymptotically optimal tests

Unlike in the case of two alternatives, for a test between multiple alternatives there is

no optimal test. However, as explained below, themulti-sequential probability ratio test
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(MSPRT) is an asymptotically optimal test, in the sense of minimizing mean reaction

times in the limit as the error rate approaches zero.

Here we give an overview of the MSPRT and explain how it is applied to the LCAM.

We confine the technical details to Appendix A. Sequential tests are tests on the histo-

ries of random variables. So supposeXt is a vector-valued random variable, and that

one ofN hypothesesHi must be chosen. Letπi denote the prior probability ofHi, and

let X t = {Xs | 0 ≤ s ≤ t} be the set of all values ofXs observed up to timet.

There are two differently-structured tests which give the same asymptotically op-

timal results (Dragalin et al., 1999): one determines when the posterior probability of

a correct response crosses a threshold; the other test considers the ratios of posterior

probabilities. These are called theδa andδb tests, respectively. In the case of two hy-

potheses both tests reduce to the optimal SPRT; in the case ofN > 2 hypotheses, both

tests achieve the same asymptotic optimality. These tests are defined in terms of the

posterior probability of hypothesisHi, and the generalized likelihood ratio betweenHi

and the remaining hypotheses. These are, respectively,

Πi(t) = P
(
Hi is true|X t

)
, and Li(t) =

P (Hi is true|X t)

maxj 6=i P (Hj is true|X t)
, (9)

In other words,Πi(t) is the probability that hypothesisHi is true given the entire history

of the observed random variables from the beginning of the trial until the present time

t.

In these sequential tests one sets constant thresholdsai andbi, i = 1, . . . , N , for each

alternative. Then theδa test stops once aΠj(t) crossesaj , at which time hypothesisHj

is accepted, and theδb test stops once anLj(t) crossesbj , at which time hypothesesHj

is accepted. Thus theδa test accepts hypothesisHi when the posteriori probability of

hypothesisHi crosses a threshold, and theδb test accepts hypothesisHi when the ratio of

the posteriori probability of hypothesisHi to the posteriori probability of the next most

likely hypothesis crosses a threshold. The thresholdsai, bi can be adjusted to achieve a

given error rate: increasing the thresholdsai andbi will result in a lower probability of

selecting hypothesisHi incorrectly. The thresholds will generally depend on the desired

accuracy of the test and the prior probabilitiesπi of the different alternatives. In the case

where all hypotheses are equally likely,πi = 1/N , the thresholds will be the same, i.e.

ai = a, bi = b.
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The δa andδb tests areasymptotically optimal in that they give an expected value

of the stopping time that is asymptotically the infimum of thestopping times of all

sequential tests satisfying the same error bound (see Dragalin et al., 1999, Theorem

4.2). In other words, for a vanishingly small error rate these tests return a decision in

the shortest time, on average.

Now consider the LCAM (8) in this context, with incoming signals taking the form

of n possible vectorsS(i). We make the following assumption:

n∑

m=1

S(i)2
m and

n∑

m=1

S(i)
m do not depend oni. (10)

The above assumption is true if, for example, the signal shape is the same regardless

of which alternative is true and is a reasonable assumption in many different situations.

Throughout the remainder of this paper we will assume that the assumption (10) holds.

The calculations when this assumption does not hold are presented in Appendix B. We

note that when the assumption (10) does not hold, the decision is biased toward the

hypothesis corresponding to the largest sum of squares of the elements of the signal

vector.

Turning now to the asymptotically optimal tests in the LCAM,the task is to de-

termine, from the values of the accumulatorsxi(t), which of the signals is largest, or,

equivalently, which of the vectorsS(i) is the actual signal. We letHi be the hypothesis

that the signal isS(i). ThenΠi(t) is the probability that the signal vector isS(i), given

the history of the accumulators. The derivation ofΠi andLi in the case when assump-

tion (10) holds is in Appendix A. LetA be theN × n matrix of alternative signals

(Aim = S
(i)
m ):

A =










S(1)

S(2)

· · ·
S(N)










, (11)

and let

y =
1

c2
A

(

x − λ

∫ t

0

x(s) ds

)

+ log π , (12)
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wherelog π is the vector whoseith entry islog πi. Then

log Πi = yi − log

n∑

j=1

eyj , (13)

log Li = yi − max
j 6=i

yj . (14)

The asymptotically optimal tests, therefore, require a matrix multiplication of the ac-

cumulators. As we will show in section 5, this can be achievedby a second neural

layer.

Note also that the asymptotically optimal tests depend onlyon thedifference λ be-

tween inhibition and decay, and not on their absolute values. If λ = 0 andS
(i)
m = a δmi,

as in the case of infinite acuity (the signal is in one channel only), thenyi = a/c2 xi,

and the tests are tests on the accumulators themselves. In that case, theδb test is a

‘max-vs-next’ test, which chooses hypothesisHi when the difference between theith

accumulator and the next largest accumulator crosses a threshold. This case is studied

in McMillen and Holmes (2006). Generally, though, the acuity is not infinite, and hence

the matrix multiplication must be done to achieve asymptotic optimality.

We pause here to make an observation about the quantities (13-14) in the MSPRT,

which are calculated fromy in (12). If λ = 0 and the prior probabilities are all equal

(πi = 1/N), then

log Li =
1

c2

(

(Ax)i − max
j 6=i

(Ax)j

)

. (15)

Thus, in this case, the optimal test requires only a comparison of the values of the

accumulators multiplied by the matrixA. However, ifλ 6= 0, the calculation ofΠi and

Li requires an integration of the entire history of the accumulators. As we will show

in section 5, the matrix multiplication can be easily done bya feed-forward neural

layer. But it is not as easy to build a neural layer that keeps arunning value of the

integral
∫ t

0
x(s)ds. Thus, it is simpler to build optimal neural decision networks for

an LCAM whereλ = 0. The case whereλ = 0 is called the ‘balanced’ case, as it

occurs when inhibition and decay are exactly balanced. Moreover, it is known that the

absolute test on the accumulators achieves the best resultswhenλ = 0 (Bogacz et al.,

2006; McMillen and Holmes, 2006). Thus, the balanced case ispreferable for several

reasons.

Turning back to the MSPRT, we note that the matrix multiplication does come with

some costs, and requires learning the matrix for a given task. This will be an advantage
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Figure 5: Values of accumulators (circles) and their transformed values (+’s), along

with the underlying signal (right axis), for a single simulation. In this example,x4

crosses the threshold beforex5, but (Ax)5 crosses before any of the other elements of

Ax.

only if more correct decisions can be made by consideringAx instead ofx when making

a decision. Thus there is an advantage to multiplying the accumulators by the matrix

A if and only if, on average,(Ax)i is the first to cross the given threshold more often

than isxi whenHi is the correct hypothesis. In Fig. 5 we show how this can occur.

In this figure is shown the states of 8 accumulators a timet after a trial has begun in

whichH5 is the correct hypothesis. We see that the fourth accumulator x4 is larger than

the rest. Thus, in the absolute test on the accumulators, thefourth hypothesis would

be chosen, which would be incorrect. However, if we formA as in (11), then the fifth

component ofAx is larger than the other components, and hence a test on the values of

the transformed accumulatorsAx chooses correctly.

3.2 Comparison of tests

In this section we compare different tests in order to explore the effects of pre-multiplying

the signal by the matrix of possible signals, and also to see what advantage is gained per-

forming the optimal test. In this section we consider the balanced caseλ = 0, in which

caseyi in (12) is a multiple of(Ax)i plus a constant. Thus, throughout,w = k = 1,

unless otherwise noted. Results for different values of theparametersa, c, w, k are

qualitatively similar for a wide range. Here we present results for the balanced case for
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simplicity, but more importantly, because, as we mentioned, the absolute tests achieve

the best results in the balanced case. Later, when we consider the interrogation pro-

tocol, we present results for a range ofλ (see Fig. 8). In this section we present only

the balanced case, while noting that in this, as in the interrogation protocol, the differ-

ence between the optimal tests and the absolute test on the accumulators is even more

pronounced in the unbalanced case whenk 6= w.

The four tests we consider, then, are as follows. The tests onthe balanced model

(λ = 0) choose hypothesisHi when the following quantities cross a threshold:

(Ax)i − max
j 6=i

(Ax)j (δb test)

xi − max
j 6=i

xj (max-vs-next)

(Ax)i (absolute in transformed coordinates)

xi (absolute) (16)

The thresholds for the different tests will be different fora given accuracy level. The

performance of tests is determined by how long it takes, on average, to make a deci-

sion at a given accuracy level. Therefore, we are interestedin the MRT for a given

ER. To calculate this, we adjust the thresholds for the individual tests until the ER is

as desired, and then compute the MRT. All results are obtained through Monte Carlo

simulations. (See Appendix D for a brief explanation of how to simulate the kinds of

SDEs encountered in the present paper using Matlab. For a more general introduction,

see Higham (2001) and Iacus (2008) for simulating SDEs in Matlab andR, respec-

tively.) We will present results for only the four tests, since results for theδa andδb

tests are indistinguishable. There is also a slight abuse ofnotation here relating to the

selection of hypotheses. The hypothesis numbering does notnecessarily correspond to

the accumulator numbering. For example, suppose we number accumulators from 1 to

8 corresponding to the angles in the bottom panel of Fig. 2. That is, accumulator 1 is

sensitive to angle3π/4, accumulator 2 to angle7π/8, etc. In a test on two hypotheses

and eight accumulators, for example if we compare angle 0 to angleπ/2 as in Fig. 2,

hypothesisH1 corresponds to angle 3 andH2 to angle 7. In the third test in the list (16),

the matrixA contains only the two rows corresponding to the two alternatives, and

hence if(Ax)1 crosses the threshold before(Ax)2, we chooseH1 (angle 3), and vice

versa. However, in the absolute test, we chooseH1 (angle 3) ifx3 crosses beforex7;
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the other accumulators evolve but their values are not considered in making a decision.

Comparisons of these tests are seen in Fig. 6.
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Figure 6: Comparison of MRT, as a function of the number of alternativesN for differ-

ent values of the acuity. The ER is fixed at 0.05, anda = 2, c = 1, w = k = 1. The

top panels show results for the inside-out ordering where the number of accumulators

is the same as the number of alternatives (n = N); the bottom panels use the outside-in

ordering and the number of accumulators is fixed atn = 16. WhenN < 16 all of

the accumulators evolve but only those corresponding to thealternatives are considered

when making a decision.

The results in Fig. 6 show that the effects of the type of ordering are only seen–

as expected–at smaller values of the acuity, but that these differences are very marked

when the acuity is small (φ is large). The behavior of the MRT as a function of the

number of alternatives is qualitatively different depending on the ordering of alterna-

tives whenφ = 1. We see that Hick’s Law holds, at least approximately, for both

orderings when the acuity is very large, or when the signal isstrongly peaked. For

small acuity, Hick’s Law doesnot hold when the inside-out ordering is used, and it only

holds for small numbers of alternatives when the outside-inordering is used.
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Perhaps the most striking fact about these results is seen inthe upper right panel of

Fig. 6, where the MRT declines in the inside-out ordering as the number of alternatives

increases, when the acuity is small (φ is large), and when the tests that use knowledge

of the shape of the signals are used. This is in fact, intuitive, since if the spread of the

signals is large the difference between the signals is small. For tests that don’t use the

shape of the signals, this simply makes the test more difficult. However, if we know

the possible shapes, then additional signals gives us more information about the shape,

and we can use this to match the signal, in the manner of using atemplate. This is

accomplished through the multiplication of the accumulators by the matrixA .

The max-vs-next test is the best one can do without knowledgeof the signal matrix

A. The differences in performance between the tests grow withthe spread of the signal,

or as the acuity declines. For an infinite acuity there is not much difference between

the tests, but when the acuity is small the best tests return results much more quickly

than the worst, for the same error rate. We see, for example, in the upper right panel of

Fig. 6, that when there are 8 accumulators and the acuity isφ−1 = 1, the time taken for

the best test to achieve an ER of 0.05 is 1/3 of the time taken bythe worst test to achieve

the same ER. There is a significant advantage, then, to multiplying the accumulators by

A, when the acuity is small. We see, in the outside-in ordering, for smallφ, the max-

vs-next test outperforms the absolute test on the transformed coordinates (i.e. choosei

when(Ax)i crosses a threshold). But, as the acuity decreases (φ increases), the test on

Ax performs better than the max-vs-next test. If the signals have a significant spread,

it is much more beneficial to perform the pre-multiplicationof signals byA than to

implement a relative test.

Figure 7 shows the effects of the acuity on different tests. In the left panel we hold

the acuity fixed atφ−1 = 1 and vary the number of accumulators and alternatives. In

these simulations the optimalδb test is used, but the results are qualitatively similar

for the absolute test onAx, that is, for tests in which knowledge of the shape of the

signals is used. We see that performance increases with the number of accumulators,

since more accumulators means that we have more information. In order to illustrate the

effects of acuity on performance, we consider a test on two alternatives in the right panel

of Fig. 7. Here the test is either between alternatives 1 and 2or between alternatives

1 and 5. Eight accumulators are involved in the decision process. The MRT is plotted

20



2 4 8 16

0.5

1

1.5

2

2.5

outside−in n=16

inside−out n=16

inside−out n=N

outside−in n=32

M
R

T

N

MRT vs # alternatives, φ=1

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

φ

M
R

T

MRT vs acuity for n=8 accumulators

 

 
1 vs 2
1 vs 5

Figure 7: MRT at ER=0.1. Left panel: acuity is fixed and the number of alternatives

varies. Right panel: only two alternatives are considered (either 1 and 2 or 1 and 5), and

the acuity is allowed to vary. The optimalδb test is used witha = 2, c = 1, w = k = 1.

againstφ for these two cases. When these alternatives are close together (1 vs 2), an

increase inφ causes an increase in the MRT. However, when there are accumulators

‘between’ the alternatives, when we compare 1 vs 5, an increase inφ actually leads

to a decline in the MRT. In fact, there exists a finite optimal acuity value at which the

MRT is almost half the MRT atφ = 0. In other words, the spread of the signals can be

an advantage if there are accumulators between those corresponding to the alternatives

we are considering. (See also Fig. 3.) It is important to notethat this can only be an

advantage when we employ tests that utilize knowledge of theshape of the signals, as

encoded in the matrixA.

4 The interrogation protocol

We now turn to the implementation of the interrogation protocol in which the subject is

given a period of timeT after stimulus presentation to arrive at a decision, which must

be rendered atT . The problem, then, is to minimize the error rate for a process that

ends at timeT . This is a fixed sample size hypothesis test. We ask, what is the best

strategy to follow? There are several possible strategies one might follow, depending

on energy costs, and availability of computational ability. The posterior probability that
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Hi is true is given byΠi(T ) (eqn 13). Thus, the optimal test is to choose the largest of

theΠis. However, this requires that we compute not only the value of the accumulators,

but y, requiring a multiplication by the matrixA, and the calculation ofλ
∫ T

0
x dt.

We will explore strategies apart from this optimal one, thatdo not involve all of these

calculations. For instance, we may not knowA, or we may not knowλ. There are,

then, four possible strategies we might follow, whose decision rulesd are given by the

following, noting that since the decision time is given no thresholds are involved:

(i) d =

{

i : xi(T ) > max
j 6=i

xj(T )

}

, (17)

(ii) d =

{

i : xi(T ) − λ

∫ T

0

xi(s)ds > max
j 6=i

[

xj(T ) − λ

∫ T

0

xj(s)ds

]}

,(18)

(iii) d =

{

i : (Ax(T ))i > max
j 6=i

(Ax(T ))j

}

, (19)

(iv) d =

{

i : yi(T ) > max
j 6=i

yj(T )

}

. (20)

In (iv), y is as defined in (12). In other words, in strategy (i) one chooses the alternative

corresponding to the accumulator with the largest value; instrategy (ii) one chooses the

alternative corresponding to the accumulator with the largest value ofxi − λ
∫

xi(s)ds;

in strategy (iii) one chooses the alternative corresponding to the largest value of(Ax)i;

and in strategy (iv) one chooses the alternative corresponding to the largest value of

yi. The optimal strategy is strategy (iv), because this is merely choosing the alternative

with the largest posterior probability; since thelog
∑

exp(yj) term in theΠi’s (eqn 13)

does not depend oni, Πi − Πj = yi − yj .

We consider the case in which the prior probabilities are equal, πi = 1/n, in which

case the appropriate initial conditions arexi(0) = 0 for i = 1, . . . , n. Formulas for

the probability of a correct response in the interrogation protocol in the four cases are

derived in Appendix C. The results are as follows: if signali is the largest signal, the

probability of choosingi at timeT is, in the four cases,
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(i) Pr(correct) =
1

2n−1
√

π

∫ ∞

−∞

∏

j 6=i

{

1 + erf

(

y +
Si − Sj

c

√

tanh (λT/2)

λ

)}

e−y2

dy ,(21)

(ii) Pr(correct) =
1

2n−1
√

π

∫ ∞

−∞

∏

j 6=i

{

1 + erf

(

y +
Si − Sj

c

√

T

2

)}

e−y2

dy , (22)

(iii) Pr(correct) =
1

√

πn|ÂÂT |

∫ ∞

−∞

[∫

z≤y+g(S,c,T,λ)

exp
(

−zT (ÂÂT )−1z
)

dz

]

e−y2

dy ,(23)

(iv) Pr(correct) =
1

√

πn|ÂÂT |

∫ ∞

−∞

[∫

z≤y+g(S,c,T,0)

exp
(

−zT (ÂÂT )−1z
)

dz

]

e−y2

dy .(24)

whereerf is theerror function defined as erf(x) = 2√
π

∫ x

0
e−z2

dz. The matrixÂ in

formulas (23) and (24) is defined as follows. LetN be the number of possible signal

vectors andn the number of accumulators. Let[j] = j if j < i and[j] = j + 1 if j ≥ i.

Then

Âjk =
S

([j])
[k] − S

(i)
[k]

S
(i)
i − S

([j])
i

, 1 ≤ j ≤ N − 1 , 1 ≤ k ≤ n − 1 , (25)

and the functiong in the limits of integration is

g(S, c, T, λ) =

(
S(i), S(i) − S([j])

)

S
(i)
i − S

([j])
i

1

c

√

tanh(λT/2)

λ
, (26)

where(·, ·) above is the standard inner product.

These formulas tell us a lot about the effectiveness of the four strategies. First,

note that the probabilities of correct responses in cases (ii) and (iv) are obtained by

lettingλ → 0 in the formulas for cases (i) and (iii), respectively. As erf(x) is a strictly

increasing function and the correct probability in (23) is astrictly increasing function of

g, the probability of a correct response in cases (i) and (iii)is maximized as a function

of λ at the maximum oftanh(λT/2)/λ. As this is an even function with maximum at

λ = 0, i.e. when decay is balanced with inhibition, the minimal ERin the interrogation

protocol occurs when decay is balanced by inhibition, and the ER, and hence the RR,

is an even function ofλ. In strategies (ii) and (iv) the probability of a correct response

thus depends only on the differences of the signal strengths, and not on the inhibition

and decay.

In the case of perfect acuity the matrix̂A = I is the identity, and the above formulas

(23) and (24) simplify to (21) and (22). But when̂A is not the identity, the formulas
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are not easy to evaluate. For quantitative comparisons withstrategies (i) and (iii), we

will find it simpler to evaluate the SDEs with Monte Carlo simulations, than through

the numerical evaluation.
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Figure 8: Comparison of strategies in the interrogation protocol. In the left panel the

acuity is fixed atφ−1 = 4/3, while λ is allowed to vary; in the right panelλ is fixed

at λ = 0.5 and the acuity is allowed to vary. In both cases the probabilities of correct

responses are computed forn = 8 alternatives, atT = 2. The correct signal isH4, the

drift is a = 2 and the noise isc = 1.

4.1 Comparison of strategies

If the acuity is infinite (S(i)
m = S0 + a δim), strategy (i) is equivalent to strategy (iii),

and strategy (ii) is equivalent to strategy (iv). In this case, performance depends on

λ in strategies (i) and (iii). If the acuity is large (concentrated signal) then there is

little difference between the strategies. But, if the signal has a significant spread, there

is a large advantage to using strategies (iii) or (iv). Figure 8 shows the probability

of a correct response for 8 alternatives at timeT = 2, following the four strategies

outlined in the previous sections. For a small acuity, thereis a significant advantage

to multiplying the vector of accumulators by the matrix of possible signals. Figure 8

(right panel) shows the effect of acuity on the performance of the four strategies. In all

four of the strategies, performance improves as acuity increases, if the time to make a
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Figure 9: Probability of a two-alternative correct response as a function of acuity at

T = 1. The number of accumulators isn = 8, but only those corresponding to the

given alternatives are considered when making a decision.

decision is fixed. Furthermore, the performance converges for Strategies (i) and (iii),

and Strategies (ii) and (iv), at moderate values of the acuity (around 2). In other words,

for strongly peaked signals there is no advantage to multiplying the accumulators byA.

Figure 9 shows the effects of acuity on decisions between twoalternatives when

the number of accumulators isn = 8. When there are accumulators ‘between’ the

alternatives there is a significant advantage to multiplying the accumulators byA, and

the optimal value of the acuity is less than infinity. (See also Fig. 3.) In this case, again,

the spread in the signal is an advantage.

5 Implementation in a neural network

As we have seen, there is a significant advantage to be gained by multiplying the accu-

mulators by the matrixA of alternative signals. This can be accomplished in a simple

network in which each accumulatorxi, i = 1, . . . , n, excites unitszj , j = 1, . . . , N ,

in an output layer with weight matrixW . In this model the accumulatorsxi represent

the sensory layer and thezi’s are the decision layer: a decision is made once the firstzi

crosses a threshold. Figure 10 shows such a network with fouraccumulators and four

output units. In this network the weight of the connection fromxi to zj is Wji. Then, if
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we neglect noise in the output layer, the vector of output unitsz is governed by

τz

dzj

dt
= −zj + fj

(
n∑

i=1

Wjixi

)

, (27)

therefore, at the equilibrium state,

zj = fj

(
n∑

i=1

Wjixi

)

, (28)

soz = f (Wx). The matrix multiplicationAx is therefore accomplished by tuning the

weight matrix so thatW = A. In other words, the weight matrixW should be the

matrixA of alternative signals to perform the required matrix multiplication.
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Figure 10: Neural network implementation of matrix multiplication. The weight matrix

W denotes the weights of the connections between thexi’s andzj ’s. The weight of the

connection betweenxi andzj is Wji.

6 Comments and future directions

6.1 The place of the present work in the context of recent research

Given a decision task, such as deciding what angle a bar lies at on a screen, subjects

improve their performance over time. The accumulator model, in which accumulators

are preferentially sensitive to various alternatives, suggests several ways in which im-

provement can occur. For alternatives that are close together, in the sense of there being

no or few accumulators ‘between’ them, the way to improve is to increase the acuity in
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the signal. To discern between angles that are close together, for example, this would

mean tightening the tuning curves of neurons. However, if the task is to decide quickly

between angles that are a moderate distance apart, this can be facilitated by adjusting

the acuity in the signal. There is a finite optimal acuity value where the spread of the

signal can be an aid to decision making.

Significant improvements in performance can be achieved if the incoming signals

are pre-multiplied by the matrixA of possible signals. This performance improvement

is such that it becomes beneficial to increase the spread of the signals in some cases.

This may perhaps go some way to explaining why tuning curves are not always at their

maximal sharpness. Why is it that they can be adjusted at all?We showed that optimal

performance occurs at positive values ofφ only if there are accumulators ‘between’

the alternatives under consideration and only if the signalis multiplied by A. This

suggests an explanation for the improvement in angle discrimination tasks in monkeys.

Presumably, when the test is first taken, the subject uses a criteria without any (or, with

little) knowledge of the spread of the signals. After a few trials, the subject learns the

shape of the incoming signals, and can use this to her benefit.One possible mechanism

for learning, then, is a shift from a test that does not rely ona knowledge of the shape

of the signals, to one that does. For example, the subject could initially begin with a

max-vs-next test, and then shift to aδb test, once the matrixA has been learned.

Additionally, the subject can learn by adjusting the spreadof the signalsφ, by al-

tering the tuning curves of neurons. This will be an advantage if the alternatives are

separated by accumulators. The effects of these adjustments on improvement are lim-

ited by the number of available accumulators. For the angle discrimination task, for

example, if there are no accumulators sensitive to angles between 22 and 26 degrees,

then the subject will gain an advantage in tests on these angles by increasing the acu-

ity of signals as much as possible. But in tests between 15 and30 degrees, it will be

an advantage to decrease the acuity. If this model is an accurate description of deci-

sion making, then this explains why the acuity can be adjusted. For the most common

discrimination tasks it is an advantage to have a moderatelysmall acuity. Training a

subject in a particular task can result in a sharpening of thetuning curves. But, the

improvements in performance are limited by the number of accumulators.

The work of Beck et al. (2008) provides a ground-breaking foundation both for the
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neurophysiological, as well as the theoretical aspects of multiple alternative decision

making. The dominating proposal here is the idea of sensory evidence accumulation

without loss of information and its single most important consequence that the most

likely action is chosen through dynamic attractors. This theory is showcased for multi-

ple or a continuum of alternative decisions through single neuronal recordings from the

lateral intraparietal cortex during the performance of a random-dot motion discrimina-

tion task (Roitman and Shadlen, 2002; Churchland et al., 2008). The optimal evidence

accumulation then is obtained via linear integration of neural activity and eventually

is modelled with a seemingly straightforward Bayesian formulation across trials and

over time. The authors demonstrate the command of their Bayesian model when the

object of statistical inference is set around predicting the firing patterns of the so-called

Poisson-like cortical neurons (Shadlen and Newsome, 1998), which are involved in the

decision making process. The Bayesian model validates the frequently reported trade-

off between accuracy and speed in decision making. Additionally, the information is

shown to increase proportionally with time and stimulus coherence.

Furman and Wang (2008) show that neural behavior, when choosing alternatives,

can be affected by the number of choices and their similarities. The authors report that

the overlap between similar alternatives contributes to a burst in neuronal activity, and

hence decreases the response time. The similarity has an adverse effect of significantly

increasing the error rate. Niwa and Ditterich (2008) use a variation of the random-dot

task on humans to study the competition between multiple integrators to the decision

threshold level. They propose a simple computational modelto account for the accumu-

lation of sensory evidence in the integrators. Their model asserts that faster responses

are observed for higher coherence in the stimuli, and the complexity of alternatives has

a proportional effect on response time. In contrast to the leaky, competing accumulator

model of Usher and McClelland (2001), integrators in Niwa and Ditterich are perfect.

As discussed in section 3.1, and as shown in Fig. 6, we explorethe relationship

between the number of alternatives and the MRT in conjunction with signal acuity.

Similar to the results given in different panels of Fig. 6, Furman and Wang report that

response time increases in direct proportion to the number of alternatives. The authors

also track neuronal responses to the stimuli’s motion coherence. Similarity then is partly

viewed through coherence. Because of the latter, it would benontrivial to make a direct
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connection between our work and theirs. The challenge is to design a simulation study

in which the uncertainty due to coherence is properly explained.

Similar to the model in Niwa and Ditterich, our proposed neural network in section 5

would account for the accumulation of evidence in the integrators. As we argue below,

due to its Bayesian nature, this feature of our modeling approach is more compatible

with the work of Beck et al. (2008).

We take time in articulating the results in Beck et al. (2008), mainly due the fact that

we find our proposed neural network of section 5 as analogous to their methodology.

To be precise, Beck et al. (2008), formulate the evidence accumulation of a population

of M neurons as

Pr(s|r(tN)) =

N∏

n=1

r(tn|s, c)
r(tn|c)

, (29)

in which r(t) = {r1(t), ..., rM(t)} is the vector of neuronal activity so thatri(t) is the

spike count of neuroni at timet, c refers to all nuisance parameters in the statistical

model, ands depicts the direction of the stimulus. The choice of a flat prior ons is a

reflection of the noninformative nature of the implemented Bayesian thought process.

The stimuluss is then estimated bŷs =argmaxsPr(s|r(t1 : tstop)), whereŝ =argmaxs

is the maximum likelihood estimator fors, andtstop is a stopping time. Because of the

uniformity of the prior ons, the posterior point estimator coincides with the maximum

likelihood estimator, and therefore, it emphasizes on the role of the Bayesian approach

in this setting, merely as a catalyst, having an identical frequentist interpretation. The

existence oftstop in the maximum likelihood estimator calculation captures the essence

of evidence accumulation over time, and it also facilitatesthe proper accounting for

the fact that an optimal decision is being made at a stopping time at which the evi-

dence exceeds a threshold boundary. Finally, an optimal network having the structure

Pr(s|r(tn)|s, c) = Φ(r(tn)c(tn)) exp(h(s).r(tn)) is followed, whereΦ andh are real

functions. This is the familiar exponential family (see chapter 9 in Wasserman (2004)).

The Poisson-like nature of spike activities is subsequently encoded in the link function

h, whereh may be taken as the logarithm of the acuity of participating neurons in the

network.

In the graphical model presented in section 5, we essentially build an algorithmic

counterpart to the Bayesian dynamic attractor model of Becket al. First, we note that as
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long as the inherent model for the network follows the exponential form, the Gaussian

model in (1) being an example, the Bayesian paradigm of Beck et al. is implemented

through the dynamic feed-forwarding nature of our network.Second, the role of time

related priors is played by the weight matrixA. Casting the problem this way, we

take into account the accumulation of evidence as a functionof time, and with no loss

of information. To make an analogy to Beck et al., we propose aBayesian network

whose stopping values (outputs) are defined when the processof evidence accumulation

is exhausted at the point that the decision threshold level is crossed. The choice of

components inÂ (see (70) in the appendix section) makes it possible to preserve the

noninformative priors of Beck et al.

To elaborate, we let:

zj → fj

(
n∑

i=1

Wjiξ(xi)

)

, (30)

wheref is the activation function andξ is a basis function that depends on model param-

eters and will be determined during network’s training. We letyn = fj (
∑n

i=1 Wjiξ(xi)).

The network is then trained by minimizing the expected errorof the weight parameters

(here the elements in the matrix A). That is, the statisticalestimation process revolves

around findingWji such thatE(w) = 1
2
||yn − t|| is minimized, wheret is some target

function. To conform to the Gaussian function in equation (1), we let the target function

having a Gaussian form withV ar(t) = φ, or the precisionφ−1. Stated this way, the

maximum likelihood estimator forWs are obtained by minimizing the sum-of-squares

function of the above. This will lead us toφML, the maximum likelihood estimator for

φ through:
1

φML

=
1

n

n∑

1

{ŷn − t}2, (31)

whereŷn is the maximum likelihood solution foryn. Finally, we note that the sum-of-

squares function is minimized by solving∇E(w) = 0, where∇ represents the gradient

of the error function in our proposed feed-forward network.The maximum likelihood

solution forw can be obtained using the backpropagation method of Rumelhart et al.

(1988).
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6.2 Lines of future research

The linearized LCAM (8) along with the neural network implementation in section 5

of the matrix multiplication represent in some sense the simplest model of decision

making that incorporates mutual inhibition, decay, and noise, as well as knowledge of

the possible shapes of the incoming signals. There are many ways that this model can

be modified and extended to incorporate different effects.

Perhaps the most obvious extension would be an examination of the nonlinear

LCAM (7). Unfortunately there is little that can be said analytically about such nonlin-

ear systems of equations, particularly when the number of equations is greater than two.

A systematic study of the various effects we have consideredwould involve substantial

numerical simulations over a broad range of parameters. As we have noted, these are

likely to agree qualitatively with the linear model, but it would be interesting to see

where the linear approximation breaks down.

Another logical extension of this model is to consider a continuum of alternatives.

This would involve allowing the number of alternatives to approach infinity. Of course,

there are not infinitely many accumulators in any one brain, or any finite collection of

brains for that matter. And, although there are infinitely many possible angles a bar

may make on a screen, as we have noted, the ability of humans and monkeys to discern

between two angles is limited to angles that differ by no lessthan about 4 degrees,

even after significant training. There are thus obvious limits to how many alternatives

can be considered by any one brain. It will be interesting to see if such limits must be

incorporated into models like the LCAM, or if they are a consequence of these models.

We have seen that the matrixA encodes the knowledge of possible signals and that

this can be encoded in a simple neural network. As we have mentioned, encoding the

network with the matrixA is one way to improve at various tasks. Experiments that

look for such neural training, whether at the neural or behavioral level, will be of great

interest. In future work we intend to explore the modulationof the weights of such a

network as a mechanism for improving at tasks such as the angle discrimination tasks.

Simen et al. (2006) have shown how simple neural mechanisms can adapt thresholds in

the two alternative forced choice task in order to maximize the reward rate. Their results

and those of the current paper suggest how such learning might take place in a multi-

ple choice setting. Note also that the network in section 5 isthe simplest possible–a
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feed-forward system without feedback or mutual inhibition. In connection with learn-

ing algorithms for training such a network, it would be interesting to see if inhibition

and/or feedback in this layer may be an aid to learning the setof possible signals or

implementing the matrix multiplication.

Additional lines of research include experiments that testfor performance on dif-

ferent types of ordering of alternatives, such as the inside-out and outside-in orderings

we have suggested. We also intend to explore the effects of signals drawn from various

distributions.

Finally, in a work in progress, we attempt to extend the decision-making strategies

explained in this paper to the case when the signals are randomly distributed. Follow-

ing the notation in section 1.2, when there is noise in the signals, si−Si

c
will follow a

Normal(0, 1) distribution. Subsequently, by lettingSi follow a Gaussian distribution,

similar to equation 1, we will have a natural Bayesian formulation with a conjugate

prior on the means. This will allow us to further investigatethe effect of acuity through

sampling from its posterior distribution. A plausible approach then would be to con-

sider a Bayesian hierarchical model (Gelman et al., 2003) onsi’s, through whichΦ is

being updated. This alternative approach however, will impose a series of non-trivial

challenges, chief among which would be the modification of the SDEs (7) and (8).

AcknowledgementsWe would like to thank two anonymous reviewers for their careful

reading of the text and very constructive suggestions.

Appendix: Mathematical details

A Derivation of posteriori probabilities under assump-

tion (10)

Let Xt be a vector-valued random variable allowed to evolve in timeunder one ofN

hypothesesHi. Let πi denote the prior probability ofHi, and let(Ω,F) be a measure

space on which{Xt, t ∈ R} is observed, andFt the sub-σ-algebra ofF generated by

X t = {Xu, 0 ≤ u ≤ t} observed up to timet. Let Pi be the probability measure under
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hypothesisHi, andP t
i (·) the restriction of the measurePi to theσ-algebraFt. The

log-likelihood ratios are defined as follows:

Zi(t) = log
dP t

i

dQt
(X t), i = 1, · · · , N , (32)

wheredP t
i /dP t

j (X
t) is the Radon-Nikodym derivative of the measurePi with respect

to a dominating measureQt, restricted toFt. If Qt = P t
j , the corresponding process

will be denotedZij(t), and is the log-likelihood ratio of posterior probabilities given

the information inFt. We denote a sequential test byδ = (τ, d), whereτ is a stopping

time andd ∈ {1, 2, . . . , N} is the decision.

Two differently-structured tests that give the same asymptotically optimal results

are called theδa andδb tests (Dragalin et al., 1999). These are defined in terms of the

posterior probabilityΠi and generalized likelihood ratioLi that are given by

Πi(t) =
πi exp [Zi(t)]

∑N
j=1 πj exp [Zj(t)]

= P
(
Hi is true|X t

)
,

and Li(t) =
πi exp [Zi(t)]

maxj 6=i πj exp [Zj(t)]
=

P (Hi is true|X t)

maxj 6=i P (Hj is true|X t)
, (33)

be the posterior probability of hypothesisHi, and the generalized likelihood ratio be-

tweenHi and the remaining hypotheses, respectively. In the case of two hypotheses

both tests reduce to the optimal SPRT; in the case ofN > 2 hypotheses, both tests

achieve the same asymptotic optimality.

For constant thresholdsai andbi, the stopping times for the two tests are as follows:

δa : τi = inf {t : Πi(t) ≥ exp(ai)}

= inf

{

t : Zi(t) − log

(
∑

j 6=i

πj

πi

exp [Zj(t)]

)

≥ ai

}

,

δb : νi = inf {t : Li(t) ≥ exp(bi)}

= inf

{

t : min
j 6=i

[

Zij(t) − log

(
πj

πi

)]

≥ bi

}

, (34)

which are the Markov ‘accepting’ times for the hypothesisHi. δa = (τa, da) andδb =

(νb, db) are then the tests with stopping times and decisions given by

τa = min
1≤i≤n

τi, da = j if τa = τj ,

νb = min
1≤i≤n

νi, db = j if νb = νj . (35)
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Theδa andδb tests areasymptotically optimal in the following sense. LetRi be the

probability of accepting hypothesisHi incorrectly. Then, for theδa andδb tests there

exist boundsRi such that among all tests that satisfy similar error bounds,theδa,b tests

minimize the expectation of reaction (see Dragalin et al., 1999, Theorem 4.2):

Ri(δa,b) ≤ Ri , (36)

Ei[τa, νb] ∼ inf
{δ|Ri≤Ri}

Ei[τ ], as max
j

Rj → 0 , (37)

where the notationxγ ∼ yγ asγ → γ0 means thatlimγ→γ0
(xγ/yγ) = 1. Equation (37)

implies that the testsδa,b give an expected value of the stopping time that is asymptoti-

cally the infimum of the stopping times of all sequential tests satisfying the error bound

in (36). This is the multi-dimensional analog of the optimality result for the SPRT, but

unlike that case, the result forn > 2 only holds in this asymptotic setting. Forn = 2

we may replace ‘∼’ in equation (37) with ‘=’, and conclude that equality holdsfor all

values ofRi > 0.

We now apply these results to the linearized LCAM (8). The log-likelihood ratios

Zij(t) are determined by the infinitesimal increments:

dZi(t) = log pi(dx) , (38)

wherepi is the probability density function of the incrementsdx which are Gaussian

distributed,

pi(dx) =

n∏

m=1

1
√

2πσ
(i)2
m

exp




−

(

dxm − µ
(i)
m

)2

2σ
(i)2
m




 , (39)

whereµ
(i)
m andσ

(i)2
m are the mean and variance of themth component of the increment

of x, given that hypothesisHi is true. Hence

µ(i)
m =

(

λxm − w

n∑

j=1

xj + S(i)
m

)

dt ,

and σ(i)2
m = c2dt , (40)

whereλ = w − k. Letttingγm = λ xm − w
∑n

j=1 xj , and substituting (40) into (38),
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we obtain:

dZi = log

(
1√

2πc2dt

)

− 1

2c2dt

n∑

m=1

[

dx2
m − 2γm dxm dt +

(

γ2
m − 2w

(
n∑

j=1

xj

)

S(i)
m + S(i)2

m

)

dt2

]

+
1

c2

n∑

m=1

[
S(i)

m dxm − λS(i)
m xm dt

]
. (41)

We use the assumption (10), and the fact that all terms that donot depend oni will

cancel when we subtract terms. The only terms in (41) that do depend oni are those in

the third row of (41). Therefore, after integrating (41), wehave

Zi(t) = C +
1

c2

n∑

m=1

S(i)
m

(

xm − λ

∫ t

0

xm(s) ds

)

, (42)

whereC is a function of time but does not depend oni. We form theN × n matrix of

alternative signals:

A =










S(1)

S(2)

· · ·
S(N)










. (43)

Then the logs of the posterior probability and generalized likelihood ratio are

log Πi =
1

c2

(

(Ax)i − λ

∫ t

0

(Ax)i dt

)

− log
n∑

j=1

πj

πi

exp

[
1

c2

(

(Ax)j − λ

∫ t

0

(Ax)j dt

)]

,(44)

log Li =
1

c2

(

(Ax)i − λ

∫ t

0

(Ax)i dt

)

− max
j 6=i

{
1

c2

(

(Ax)j − λ

∫ t

0

(Ax)j dt

)

+ log
πj

πi

}

.(45)

B Relaxation of assumption(10)

We write eqn (41) as

dZi = log

(
1√

2πc2dt

)

− 1

2c2dt

n∑

m=1

[
dx2

m − 2γm dxm dt + γ2
mdt2

]

+
1

c2

n∑

m=1

[
S(i)

m dxm − λS(i)
m xm dt

]
+

dt

2c2

n∑

m=1

[

S(i)
m

(

S(i)
m − 2w

n∑

j=1

xj

)]

.(46)
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Therefore,

Zi(t) = C(t) +
1

c2

n∑

m=1

S(i)
m

(

xm − λ

∫ t

0

xm(s) ds

)

− t

2c2

(
n∑

m=1

S(i)2
m

)

+
w

c2

(
n∑

m=1

S(i)
m

)
∫ t

0

(
n∑

j=1

xj(s)

)

ds , (47)

whereC(t) does not depend oni. Let

y =
1

c2
A

(

x − λ

∫ t

0

x(s) ds

)

+ log π , (48)

and ui(t) = − t

2c2

(
n∑

m=1

S(i)2
m

)

+
w

c2

(
n∑

m=1

S(i)
m

)(
n∑

j=1

∫ t

0

xj(s) ds

)

. (49)

Then

log Πi = yi + ui − log

n∑

j=1

eyj+uj , (50)

log Li = yi + ui − max
j 6=i

(yj + uj) . (51)

We see that under assumption (10), theui’s drop out of the above formulas. When this

assumption does not hold, the decision is biased toward the hypothesis corresponding

to the largest sum of squares of the elements of the signal vector. Interestingly, theui

terms depend on the inhibitionw, but not on the decay.

We can make a further simplification by subtracting from bothsides of (50-51) those

parts of the sums of the signals that do not depend oni. Let

n∑

m=1

S(i)2
m = q0 + qi , (52)

n∑

m=1

S(i)
m = r0 + ri , (53)

whereq0 andr0 are the minimums of the corresponding sums. Since the terms involving

q0 andr0 do not depend oni, we can let

ui(t) = − 1

c2

(

2t qi − w ri

n∑

j=1

∫ t

0

xj(s)ds

)

. (54)

Then (50-51) holds with this new definition ofui. We see that the posterior probability

depends on the variation in the values of the sums and sums of squares of the possible

signals.
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C Derivation of probability of a correct response in the

interrogation protocol

C.1 Strategy (i)

We define the random variablesVij(t)
def
= xj(t)−xi(t), and the constantsaij

def
= Si−Sj

for j = 2, · · · , n so that (21) becomes:

Pr(correct) := Pi(n, T ) = P

(
⋂

j 6=i

(Vij(T ) < 0)

)

. (55)

From (8) we see that the random variablesVij satisfy the equations

dVij = (λVij − aij) dt + c (dWj − dWi) , (56)

for independent Wiener processesdWj, and we may integrate to obtain:

Vij(t) =
aij

λ

(
1 − eλt

)
+ c

∫ t

0

eλ(t−s) [dWj(s) − dWi(s)] . (57)

We futher define random variablesW0(t) andUij(t), for j 6= i as follows:

W0(t)
def
= c

∫ t

0

eλ(t−s)dWi(s) , (58)

Uij(t)
def
= Vij(t) + W0(t)

=
aij

λ

(
1 − eλt

)
+ c

∫ t

0

eλ(t−s)dWj(s) , (59)

so thatW0 and theUij ’s are independent processes. TheUij ’s have meansµij(t) and

variancesσ2(t), andW0 has mean 0 and varianceσ2(t), where

µij(t) =
aij

λ

(
1 − eλt

)
and σ2(t) =

c2

2λ

(
e2λt − 1

)
. (60)

SinceVij = Uij −W0, the probability of making a correct response can now be written

as

Pi(n, T ) = P

(
⋂

j 6=i

[Uij(T ) < W0(T )]

)

. (61)

The random variableW0 has the densityf(w) of a normal random variable with mean

0 and varianceσ2, andUij has the distributionFUij
of a normal random variable with
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meanµij. Since theUij ’s andW0 are independent,

Pi(n, T ) =

∫ ∞

−∞

∏

j 6=i

FUij
(w)f(w)dw

=

∫ ∞

−∞

∏

j 6=i

{
1

2

(

1 + erf

[
w − µij√

2σ2

])}
1√

2πσ2
exp

[

− w2

2σ2

]

dw . (62)

Making the change of variablesy = w/
√

2σ2, we obtain:

Pi(n, T ) =
1

2n−1
√

π

∫ ∞

−∞

∏

j 6=i

{1 + erf [y + g(aij, c, λ, T )]} e−y2

dy , (63)

whereg in the argument of the error function takes the form

g(aij, c, λ, T ) = − µij(T )
√

2σ2(T )
=

aij

c

√

tanh(λT/2)

λ
(64)

where we have used the definitions ofµ(T ) andσ2(T ) in (60). Therefore,

Pi(n, T ) =
1

2n−1
√

π

∫ ∞

−∞

∏

j 6=i

{

1 + erf

[

y +
Si − Sj

c

√

tanh(λT/2)

λ

]}

e−y2

dy ,

(65)

C.2 Strategy (ii)

In this case, the calculations are similar to the previous section, except now we de-

fine Vij(t)
def
= xj(t) − xi(t) − λ

∫ T

0
[xj(s) − xi(s)] ds. Then, as before,Pi(n, T ) =

P
(
⋂

j 6=i Vij(T ) < 0
)

, and eqn (56) becomes

dVij = −aij dt + c (dWj − dWi) . (66)

In other words, when we include theλ term in the decision, it drops out of the probabil-

ity calculation. In this case, following the calculations of the previous section, but with

λ = 0, we find that the probability of a correct response is

Pi(n, T ) =
1

2n−1
√

π

∫ ∞

−∞

∏

j 6=i

{

1 + erf

(

y +
Si − Sj

c

√

T

2

)}

e−y2

dy . (67)
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C.3 Strategy (iii)

We defineVij(t)
def
= (Ax(t))j − (Ax(t))i. Then the probability of choosing correctly,

given that signalS(i) is presented is

Pi(n, T ) = P

(
⋂

j 6=i

Vij(T ) < 0 | S = S(i)

)

. (68)

If S = S(i),

dVij =
[
λVij +

(
S(j) − S(i), S(i)

)]
dt + c

(
S(j) − S(i), dW

)
, (69)

where(·, ·) is the dot product andW is a vector of Wiener processes. LetÂ be the

N − 1 × n − 1 matrix formed by removing theith column from the matrix of rows of

S(j) − S(i), and−S̃(i) the column that we remove. That is,















S(1) − S(i)

· · ·
S(i−1) − S(i)

S(i+1) − S(i)

· · ·
S(N) − S(i)
















=















Â1
︸︷︷︸

1st

column

Â2
︸︷︷︸

2nd

column

· · · Âi−1 −S̃(i)

︸ ︷︷ ︸

ith

column

Âi · · · Ân−1
︸ ︷︷ ︸

nth

column















,

(70)

whereÂk is thekth column ofÂ. Likewise, letV be the vector ofVij ’s and Ŝ the

vector of
(
S(j) − S(i), S(i)

)
, with the ith elements (of 0) removed. Then eqn (69) can

be written in vector form as

dV =
(

λV + Ŝ
)

dt + c
(

Â dŴ − S̃(i)dWi

)

, (71)

whereŴ = (W1, . . . , Wi−1, Wi+1, . . . , Wn)
T . (Note thatS̃(i) is a vector andWi is

a scalar Wiener process.) Making the further transformations Vj → Vj/S̃
(i)
j , Ŝj →

Ŝj/S̃
(i)
j , Âjk → Âjk/S̃

(i)
j , the equation becomes

dV =
(

λV + Ŝ
)

dt + c
(

Â dŴ − 1 dWi

)

, (72)

where1 is the vector of 1’s. The difference, then between the above equation (72),

and eqn (56), is the matrix̂A, which in (56) is simply the identity. To summarize, the
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quantities appearing in eqn (72) are

Ŝj =

(
S([j]) − S(i), S(i)

)

S
(i)
i − S

([j])
i

, Âjk =
S

([j])
[k] − S

(i)
[k]

S
(i)
i − S

([j])
i

, 1 ≤ j ≤ N − 1 , 1 ≤ k ≤ n − 1 ,

(73)

where[j] = j if j < i and[j] = j + 1 if j ≥ i.

Following the strategy of Appendix C.1, we defineU = V + 1W0, whereW0(t) is

defined by eqn (58), andU satisfies

dU =
(

λ U + Ŝ
)

dt + c Â dŴ . (74)

The elements ofU are not correlated withW0, but theyare correlated with each other,

and the correlation of elements ofU is related to the acuity in the signal. The probability

of a correct response is therefore

Pi(n, T ) =

∫ ∞

−∞
FU(1w)f(w) dw , (75)

whereFU is the joint distribution ofU , andf(w) is the density of a normal random

variable with mean 0 and varianceσ2. The joint distributionFU is calculated from the

joint density:

fU (u) =
1

√

(2π)n−1|σ|
exp

(

−1

2
(u− µ)T

σ
−1(u− µ)

)

, (76)

where µ =
Ŝ

λ

(
eλt − 1

)
, (77)

and σ =
c2

2λ

(
e2λt − 1

)
ÂÂT (78)

is the covariance matrix. Note thatσ = σ2ÂÂT , whereσ2 is the same as in eqn (60).

Hence, the joint distribution ofU is

FU(w) =

∫

y≤w

fU(y) dy . (79)

Making the change of variablesz = (y − µ)/
√

2σ2, in the integral forFU ,

FU(w) =
1

√

πn−1|ÂÂT |

∫

z≤w−µ√
2σ2

exp

(

−zT
(

ÂÂT
)−1

z

)

dz . (80)

Substituting this into the expression eqn (75), and making the further change of vari-

ablesy = w/
√

2σ2, we have

Pi(n, T ) =
1

√

πn|ÂÂT |

∫ ∞

−∞





∫

z≤y− µ√
2σ2

exp

(

−zT
(

ÂÂT
)−1

z

)

dz



 e−y2

dy.

(81)
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C.4 Strategy (iv)

In 3.1 we computed the posterior probabilitiesΠi(t) of the hypothesesHi, givenx(s), 0 ≤
s ≤ t, which, for equal prior probabilities, are given by

y =
1

c2
A

(

x − λ

∫ t

0

x(s) ds

)

(82)

log Πi = yi − log

n∑

j=1

eyj , (83)

Sincelog
∑n

j=1 eyj does not depend oni, choosing the most likely hypothesis is equiva-

lent to choosing the largestyi. Following this strategy, if we setVij(t)
def
= c2 [yj(t) − yi(t)],

then eqn (68) holds, with this new definition, and the equation for theVij ’s is the same

as in (69), but withλ = 0. The same calculation as in the previous section therefore

follows, but withλ = 0. Therefore, strategy (iv) achieves the maximal probability of a

correct response, as a function ofλ, as achieved in strategy (iii).

D Fast Monte Carlo simulations using Matlab

The SDEs considered in this paper are Ornstein-Uhlenbeck (OU) processes (Gardiner,

2004):

dX = (BX + S) dt + c dW . (84)

In the LCAM (8),B = λ I−w 1, whereI is the identity matrix and1 is the full matrix

of 1’s. Sample paths of the OU process (84) are approximated by

Xi+1 = CXi + ∆ S + c
√

∆Ni+1, (85)

whereXi ≈ X(i ∆), (notice thatXi is a vector) Ni is a vector of standard normal

random variables,∆ is the time step, andC = I + ∆ B. Naively, we could evaluate

(85) in a ‘for’ or ‘while’ loop. In the free response protocol, given a thresholdz, we

can calculate the reaction time of a single simulation by thefollowing (assuming 1 is

the correct hypothesis):

% N - number of alternatives

% DT - time step

% B - linear part of SDE
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% c - variance of noise

C = eye(N) + DT * B;

y = zeros(N,1);

step = 0;

while max(y) < z

step = step + 1;

y = C* y + S* DT + sqrt(DT) * c* randn(N,1);

end

step * DT % Reaction time

y(1)==max(y) % 1 if decision is correct, 0 if error

In order to determine the MRT for a given ER, we must first determine the threshold.

This is done by calculating the error rates for a range of thresholds, determining which

threshold gives the desired error rate, and then calculating the mean reaction time for

this threshold.

Matlab’s optimized array computations may be utilized to vastly improve the per-

formance of Monte Carlo simulations. The key is to write all of the calculations in

terms of arrays. We can compute all of theXi’s for i = 1, . . . , m in a single matrix

operation. We directly sum (85) to obtain

Xi = CiX0 + ∆

(
i−1∑

j=0

Cj

)

S + c
√

∆
i−1∑

j=0

CjNi−j . (86)

If ∆ is sufficiently small,C can be decomposed intoC = UDUT , whereD is diagonal

andU is an orthogonal matrix (Horn and Johnson, 1985). We use the fact that sinceU is

orthogonal,UT Ni−j is also a vector of independent standard normal random variables

(Gardiner, 2004). Therefore,

Xi = UDiUT X0 + ∆ U

(
i∑

j=1

Dj−1

)

UT S + c
√

∆U

i∑

j=1

Dj−1Ni−j . (87)

We can compute ann× npts matrix where theith column is the vectorXi by the fol-

lowing Matlab operations:
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% N - number of alternatives

% npts - number of iterations of X_i to calculate

% DT - time step

% B - linear part of SDE

% y0 - initial condition

% c - variance of noise

C = eye(N) + DT * B;

[U, D, V] = svd(C);

dd = diag(D);

ds = dd(diag(1:N) * ones(N, npts)).ˆ...

(ones(N, npts) * diag( 0:(npts-1) ));

ds2 = dd(diag(1:N) * ones(N, npts)).ˆ...

(ones(N, npts) * diag( (npts-1):-1:0 ));

drift = DT * U * diag(U’ * S) * cumsum(ds, 2);

y = U* diag(V * y0) * D* ds + drift + c * sqrt(DT) * U* ...

(cumsum(ds2. * randn(N, npts),2)./ ds2);

y is then anN ×npts matrix whoseith column isXi, i.e. Xi = y(:, i). The key point is

that the computation of a sample path is contained in only thelast line of the above. So

to run many simulations one only need evaluate this line the desired number of times, for

example in a ‘for’ loop. If the initial condition is the same for all sample paths, the first

term can be absorbed into “drift.” If only the last element ofthe sample path is required,

“cumsum” can be replaced with “sum” to slightly increase performance. To calculate
∫

xi(s)ds, however, these terms will be needed. The above algorithm isgenerally about

ten times faster than a simple ‘for’ loop. Also, note that if one is calculating a first

passage time problem, these can be done in ‘blocks’, and a search through the block

made, which is still about five times faster than a ‘while’ loop.
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